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LECTURER IN MATHEMATICS, 4

PITHAUR RAJAH’S GOVERNMENT COLLEGE(A), ¥ |
KAKINADA. {

CHARACTERISTIC ROOTS AND THE CORRESPONDING
VECTORS

Question No. 1:

Find the characteristic roots and the corresponding characteristic vectors of the

8 -6 2
matrix. A=|1-6 7 —4

2 -4 3
Aim:

To find the characteristic roots and the corresponding characteristic vectors of
the given matrix.

Formula :

1. If A is a square matrix of order n and I is the n X n unit matrix then |[A- Al | =
0. Where A is a scalar, is called the characteristic equation of A and the roots
of the characteristic equation are the characteristic roots of A.

2. Let A be a square matrix, then a non-zero vector X is called a characteristic
vector of A, if there exists a scalar A such that AX = AX.

Procedure:
8 -6 2
Giventhat A=|—-6 7 —4
2 -4 3

Then the characteristic equation of Ais |JA-A 1| = 0.

8—-1 -6 2
-6 7—-1 -4
2 -4 3-2

= =0

= (8- D[(7 - DB —21) —16] + 6[—6(3 — 1) + 8] + 2[24 —
207-2)]=0

= (8 — 1)[A1? — 104 + 5] + 6[64 — 10] + 2[21 + 10]
=812 —-801+40 -3 +10A2—-514+361—60+414+20=0
= -3+ 1812 —-451=0

= -3 —-1812+451=0



= A(A2 — 181 +45) =0
= A11—-3)(A—15) =0
= 1=0,3,15

Hence the characteristic roots of A are 0,3,15.

Xq

xz] be a characteristic vector corresponding to A =0.
X3

1. Let X=

Then AX=AX=AX=0X=0

8 —6 2] rs[2 —4 3™
s[-6 7 —4||x|=0"5]-6 7 —4||%

2 -4 311% 8 -6 2llx
R, +3Ri[2 -4 3 1[* R, x1/5[2 -4 371[*%

— |0 =5 5 [|X2[=0 — 0 —1 1 |[x2]=0
R; —4R; [0 10 —-10]Lx3 R;x1/10l0 1 —1llxs

rosr, [2 —4 3]
=0 -1 1||x|=0
0 0 ollx

The above equations are2x, — 4x, + 3x3 = 0 and -x, + x3 = 0.
Ifx, = Kthenx; =K
~2x, =4K —-3K =K

SX = —
17

1

_— . 2 .
Hence the characteristic vectors corresponding to A = 0 are K |1 |whereKisa

1
non-zero scalar.
X1
2. Let X= xz] be a characteristic vector corresponding to A =3. Then AX =3X
X3

= (A-31)X=0



5 -6 2]1M* R132—40x1
=>|-6 4 —4|[X%2[=0—|-6 4 —4[[X2|=0

2 —4 010lx3 5 -6 21LX3
R]_ X 1/2 RZ + 3R1
R, x1/2 —5R,
-2 07"
[ —4 —2] [le =0 = —4 —2] xz] =0
0 01Jlxs

Rlx—1 —2 0
xz =0

Hence the equations are x; —2x, = 0
2x2 + X3 = 0
Ifx, = K,then x; = —2K and x; = 2K

2
1
=2

Hence the characteristic vectors corresponding to A =3 are K where Kis a

non-zero scalar.

X1
3. LetA=15 and X= | X2 | be a characteristic vector corresponding to A = 15.
X3
s AX=15X
=(A-150)X=0
-7 —6 2 1* R
1,3
=>|-6 -8 —4||%2|=0—
2 -4 -12
1
2 -4 121 RiX3r1 -2 -6
-6 -8 —4||%|=0 — |-3 —4 =2([*2|=0
7 — 1|7 —
7 -6 2 llx3 R, X ~ 7 —6 2 1lx3

2



Ry, +3.Ri[1 -2 —-6][* 10
— 0 —-10 -20||*2|= — .
Ry +7.R 10 —20 —40][xs
R, X ——
3720
1 =2 —6][M1] e [I —2 —6][%
0 1 2|%f=0—10 1 2 ||[X2[=0
0 1 2 11X3 0 0 0 11%3

Hence the equations are x; — 2x, — 6x; =0

Xy +2x3=0
I[fx; =K thenx, = —=2K
x; = —4K + 6K = 2K
2

-2
1

Hence the characteristic vectors corresponding to A=15 are K where Kisa

non-zero scalar.

Conclusion : The characteristic vectors of A are 0, 3,15.

1

-~ . 2 .
1. The characteristic vectors corresponding to A = 0 are K |1 | where K is a non-

1
zero scalar.
2
2. The characteristic vectors corresponding to L = 3 are K | 1 (where Kis a
-2
non-zero scalar.
2
3. The characteristic vectors corresponding to A = 15 are K |-2[where K is a
1

non-zero scalar.
Question No. 2:

Find the characteristic roots and the corresponding characteristic vectors of the matrix
6 -2 2
A=|-2 3 -1}

2 -1 3




Aim: To find the characteristic roots and the corresponding characteristic

6 -2 2
vectors of the matrix A= |[—-2 3 —1]
2 -1 3

Formula:

1. If Ais a square matrix of order n and I is the n X n unit matrix then |A - Al | =
0. Where A is a scalar, is called the characteristic equation of A and the roots
of the characteristic equation are the characteristic roots of A.

2. Let A be a square matrix, then a non-zero vector X is called a characteristic
vector of A, if there exists a scalar A such that AX = AX.

Procedure:
6 -2 2
GiventhatA= -2 3 -1
2 -1 3

The characteristic equation of Ais |[A - A 1|=0

6—14 -2 2

= 6-D[GB-D2—1]+2[-2B3 - +2]+2[2-23-D]=0
= (6 —A)[12 —61+8] +2[21 —4] +2[22—4] =0

— 612 —361+48-13+ 612 —81+41—8+41—-8=0

= —3+1212-361+32=0

= -3 -1222+4+361-32=0

= (A-2)2(A—8)=0

=1=2,28
X1
1. LetA=2 andx = lxz] be a characteristic vector corresponding to A = 2
X3

~AX=2X= (A-2)X=0

4 =2 21 pen,
2 1 —1||x|=0"7

2 -1 111[x3

=




4 -2 21" rxi, [2 -1 14
—2 1 —1ffe[=0—5|-2 1 -—1f|x2]|=0

rer [2 —1 1][%
— [0 0 o]|*x

0 0 O0Jlxs

0 0 0 ILx3

|-o

Hence the equations are 2x; — x, + x3 =0

Letx; = K;and x, = x, then x3 = —2K; + K,

Where K;and x, are non-zero scalars.

Hence the characteristic vectors corresponding

K,

toA=2are K,
—2K; + K5
X1
2. LetA=8. LetX=|X2
X3

1 0
i.e Kl 0 +K2 1
-2 1

be a characteristic vector corresponding to A = 8

Then AX=8X=>(A-81)X=0

-2 =2
=>|-2 -

2 —
Ry =Ry

—

R; + Ry

-2 =2 27[*
[ 0 -3 —3‘ [x2] =0
0 0 0 Ilxs3

1
RiX—=211 1 -1
— lo 0 1”xz]=0

1
X —=
R3 .

2 10*
—511x3

-2 -2 271 Rot Ry
0 -3 =3||x|=0—"—"
0 —3 —3llxs

0 0 O01JLx3

Hence the equations are x; + x, —x3 = 0;x, +x3 =0

Ifxg = K then K, = —K

cx; =K+K= 2K



2
Hence the characteristic vectors corresponding to A = 8 are K [—1| where K is
1
non-zero scalar.
Conclusion : The characteristic roots of the given matrix are 2,2,8.
1 0
1. The characteristic vectors corresponding to A = 2 are K;| 0 |+ K, |1
-2 1
where K; and K; are non-zero scalars.
2
2. The characteristic vectors corresponding to A = 8 are K |—1| where K is non-
1

zero scalar.

Question No. 3:

Find the characteristic roots and the corresponding vectors of the matrix
2 10

A=10 2 1
0 0 2

Aim : To find the characteristic roots and the corresponding the characteristic

vectors of the given matrix.
Formula:

1. If Ais a square matrix of order n and I is the n x n unit matrix then |[A - Al | =
0. Where A is a scalar, is called the characteristic equation of A and the roots

of the characteristic equation are the characteristic roots of A.

2. Let A be a square matrix, then a non-zero vector X is called a characteristic

vector of A, if there exists a scalar A such that AX = AX.

2 10
Procedure: Giventhat A=10 2 1
0 0 2

The characteristic equation of Ais | A- Al| =0



2-4 1 0
=10 2-4 1 [=0
0 0 2-1

= (2-1)3=0.

=>A=2,2,2
X1

1. Let A=2 LetX=|Xz|be a characteristic vector corresponding to A =2.
X3

Then AX=2X=>(A-21)x=0

0 1 01[*
0 0 1|[X2[=0
X3

0 0 0

=

Hence x, = 0; x3 =0

We take x; = K; Where K is a non-zero scalar. Hence the characteristic vectors
1

0
0

correspondingto A =2 are K [0 where 0 #Ke R.

Conclusion:

The characteristic roots of A are 2,2,2.

1
The characteristic vectors corresponding to 2 are K |0| where K is a non-zero
0
scalar.
Exercise

Find the characteristic roots and corresponding characteristic vectors of the

following matrices.
311
1. 2 4 2
1 1 3
3 10 5
2 -2 -3 -4
3 5 7




CAYLEY - HAMILTON THEOREM

Question No. 1:

2 1 2
IfA=|5 3 3 ] , verify Cayley-Hamilton theorem and hence find A-1
-1 0 -2

Formula: To show that A satisfy its characteristic equation and hence we find A-1

Formula: Every square matrix satisfies its characteristic equation.

Procedure:
2 1 2
Giventhat A=|5 3 3
-1 0 -2

Then the characteristic equation of Ais |A-A 1| = 0.

2—-1 1 2
5 3—-1 3
-1 0 -2-1

=

=S 2-DE-D(2-D]-1[+5(-2-D)+3]+2[3-1=0
= 2-D[A-1-6]—-[-5A-7]+6—-21=0
= - +312+71+1=0
=B -312-71-1=0
We shall prove that A satisfy its characteristic equation.

ie.A3-3A2-7A-1=0

2 1 2 7 5 3
A=|5 3 3|[=242=(22 14 13]
-1 0 -2 0 -1 2
36 22 23
A® =101 64 60]
-7 -3 -7

Now A3 — 342 —7A—1



36 22 23 -21 -15 -9 -14 -7 -14 -1 0 O
[101 64 60(+[-66 —42 -39|+(-35 -21 -=-21|+|0 -1 O]
-7 =3 =7 0 3 —6 70 0 14 0 0 -1

0 0 0

=[0 0 0]

0 0 0

A satisfy its characteristic equation.
Now A3 — 342 -7A—-1=0

= A1 (A3 - 342 -74-1)=A-1.0
= A2 -34-71- A"1=0

ATl =A% -3A-71

7 5 3 -6 -3 -6 -7 0 0 -6 2 -3
=(22 14 13|+|-15 -9 -9(+|0 -7 O0|=|7 -2 4
0o -1 2 3 0 6 0o o0 =7 3 -1 1
-6 2 -3
Conclusion : A satisfy characteristic equationandA-1 =7 -2 4
3 -1 1
3 1 1
Question No. 2 : Find the characteristic polynomial of the matrix A=|—-1 5 —1]|,
1 -1 5

verify Cayley -Hamilton theorem and hence find A-1

Aim:
To verify Cayley ~-Hamilton theorem and hence to find A-1
Formula:

Every square matrix is a root of its characteristic polynomial.

Procedure :
3 1 1
GiventhatA=|—-1 §5 -1
1 -1 5

Characteristic polynomial of Ais |[A-A1|



1 -1 5-—2A
=@B-D[G-D*—-1]—-1[-5+2+1]+1[1 - 1(5 — )]
=@B-AD[A2—-101+24]+4—-A+1—4
=322 — 301 + 72—A% + 1042 — 242

=234+ 1312 —541+ 72

3 1 1 9 7 7
Now A=|—-1 5 —-1|=A4*=|-9 25 —11|and
1 -1 5 9 -9 27

A3 =|-63 127 -89

63 —63 153

27 37 37 ]

—A3 + 1342 —54A+ 721

—-63 127 -89+ 13

63 —63 153

1 0 0
7210 1 0

0 0 1

27 37 37 9 7 7 3 1 1
= — -9 25 —-11|—54(-1 5 -1

9 -9 27 1 -1 5

=27 37 —37 117 91 91 162 —-54 54
= [ 63 —127 89 |+ |-—-117 335 -—-143|+| 54 270 54 ]
—63 63 —153 117 —-117 351 —54 54 270
72 0 O 0 0 O
+|0 72 O‘ = \0 0 0‘
0O 0 72 0 0 O

Hence is A is a root of its characteristic polynomial.
Now —A3+ 134% -54A+721=0

Multiplying both sides by A-1, we get

9 7 7 3 1 1
=72A'=|-9 25 -—-11|—-13|-1 5 —1|+54

9 -9 27 1 -1 5

1 0 O
0 1 0

0 0 1



24 —6 -6
=14 14 2

—4 4 16
1 [24 -6 —6
“AT ==|4 14 2

"2_4 4 16

Conclusion : A satisfies its characteristic polynomial and

[24 —6 —6
A1=—[4 14 2]

-4 4 16

Question No. 3 : Using Cayley-Hamilton theorem find A ~'and A* for the

7 2 =2
matrixA=|-6 -1 2 ]
+6 2 -1

7 2 =2

Aim : To find A ~'and A* for the given matrixA = |—-6 -1 2

+6 2 -1

Formula : Every square matrix is a root of its characteristic equation.

Procedure:
7 2 -2
Giventhat A=|-6 -1 2
+6 2 -1

The characteristic equation of A is [A—A1|=0

-6 -1-2 2
+6 2 -1-2

=(7-D[(1-D(1-2) —4]—2[-6(-1—21) —12]
—2[-12-6(-1—-2)] =0

=22 —-5A24+71-3=0

Now A =|-6 -1 2

-6 2 -1

7 2 —2]



25 8 -8
A*=|-24 -7 8

24 8 -7

79 26 —26
; A>=|-78 —25 26
78 26 =25

By the Caley ~-Hamilton Theorem A3 — 54% + 74 — 31 = 0.

Multiplying both sides byA ~ 1, we get

1
At =2[A2~54+7I]

25 8 —8] 35 10 -—10 7
NowA? —-54+71=|-24 -7 8|—-|-30 -5 10 |+]0
24 8 —7. 30 10 -5 0
-3 -2 2
=]6 5 =2
-6 —2 5
) -3 -2 2
HenceA‘lzg 6 5 =2
-6 —2 5
Now A3 — 542 +7A—-31=0
= A3 =54°+7A4+31=0
= A* =543 —74%2 +3A
395 130 —130 175 56 —56 21 6 —6
-390 —125 130 |—|168 —49 56 |+|—-18 -3 6
390 130 —125 168 56 —69 18 6 —3

241 80 -—-80

=240 -79 80

240 80 -=79
7 2 =2
Conclusion : Forthe matrix4A=|—-6 -1 2
-6 2 -1

1[-3 -2 2 241 80 —80
A‘1=§ 6 5 —2|landA* =240 —-79 80
-6 -2 5 240 80 —79




Question No. 4:

= , express A° — + - + as a linear polynomial in A.
If A _11§ press AS — 445 + 84* — 124° + 1442 as a linear polynomial in A

Aim: IfA= [_11 g] then to express A% — 44° + 84* — 124% + 144? as a linear

polynomial in A.
Formula:

1. If Aisasquare matrix then its characteristic equationis [A-AI| = 0.

2. Every square matrix is a root of its characteristic equation.

Procedure:

Given that A = [ 1 2]

-1 3
The characteristic equation of Ais [A- A 1|=0

2
3-1

= |1__1'1 | =0
=1-1)B-D+2=0=>12-41+5=0
By the Cayley -Hamilton theorem A satisfy its characteristic equation.

AP —4A+51 =042 =44 -51

S A3 = 447 — 5A,A* = 443 — 5A%

A% = 4A% — 543, A% = 44° — 5A4*

A% — 44 + 8A* = 34" — 124° — 154*

=A® — 445 + 84" — 1243 + 144% = —A* = 44 + 5]

Which is a linear polynomial of A.

Conclusion :

A% — 445 + 8A* — 1243 + 14A% = —4A + 5] which is a linear polynomial in A.



Exercise

Find the characteristic roots and corresponding characteristic vectors of the

following matrices.
0 ¢ -=b
1. Show that the matrix A=|—¢ 0 a [ satisfies Cayley — Hamilton theorem.
b —a 0
1 1 2
2. Show thatthe matrixA=|3 1 1
2 3 1

satisfies characteristic equation. Hence find A ~*

3. If A= [ 3 1] then express 24% — 3A4* + A? — 41 as alinear polynomial in A

-1 2

%k %k %



